7/

ERURJ 2024, 3, 1, 781-790

Original Article

Recurrence Relations for Moment Generating Function of
Progressive First Failure Censoring and Characterizations of Right
Truncated Exponential Distribution

Ali M. Sharawy**
'Faculty of Engineering, Egyptian Russian University, Cairo, Egypt

*Corresponding author: Ali M. Sharawy, E-mail: ali-sharawy@eru.edu.eq

Received 24" July 2023, Revised 29" November 2023, Accepted 4" December 2023
DOI: 10.21608/erurj.2024.213679.1035

ABSTRACT

In this article, we establish recurrence relations (RR) for moment generating function
(MGF) based on progressive first failure censoring (PFFC). Characterization for right truncated
exponential distribution (RTED) using relation between probability density function (pdf) and
distribution function (cdf) and using RR of MGF of PFFC are also obtained. Further, the results
are specialized to the progressively type-Il right censored order statistics (PTIIRCOS).
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1. Introduction

PFFC can be described as follows, suppose a lifetime test is administered to n separate
groups with k items in each group. R, groups and the group in which the first failure is observed

are randomly removed from the test when the first failure X R2FzRs--Rm-1Fm) has occurred, R,

groups with the group in which the 2" failure is observed are randomly removed from the test

atXﬁf,;':ﬁz,;R3""’Rm‘1'Rm), and so on until the m*" failure Xf,ﬁ;,’ffl",:3""'Rm‘1'Rm) is observed, the

remaining groups R,, are removed from the test. Then Xii,li':flz,'{R3""'Rm‘1'Rm)<

Xéﬁ;l'ff,’f”"”?m‘l"?m) <-~-<Xf,§§,’f,§:’,§3""’Rm‘1'Rm) are called PFFC order statistics with the

progressive censored scheme (Rq, Ry, Rs, ..., Rpp_1, Ryn), Where n = m + Y72, R;. If the failure
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times of the n X k items originally in the test are from a continuous population with pdf and cdf,

the joint pdf for Xl(ﬁrll‘:ﬁZ&R3""’Rm‘1‘Rm), ...,X,(,ﬁ;f;’?““‘Rm‘l'Rm)is defined as follows:

m
Fevmnmmen G032 1 2m) = Kum €™ || £ G OIF G )1,
i=1

0<x; <xy << xpy < 00, (1.1)
where,
Kom-np=nn—R—1)..(n—R;—Ry...— Ry —m+1),and M; =cR; +c— 1.

Marwa Mohie EI-Din and Sharawy [6] derived characterization for generalized
exponential distribution. Kotb et al. [5] derived E-Bayesian estimation for Kumaraswamy
distribution using PFFC. Abu-Moussa et al. [1] derived Estimation of Reliability Functions for
the Extended Rayleigh Distribution via PFFC see more Sharawy [2,3].

For any continuous distribution, we denote the single MGF of the PFFC in view of Eq. (1.1) as

(M1,M3,...Mp) _ txg v (Mu,Mz,..Mp) | _
Mq:m:n,C =E|e qu:m:n,C -

K1) f f . f €9 CM £ () [F () ]Ms X
0<x1 < <Ay <00

fGe)F e)]™ . f Qo) [F (o) 1M mdixy .. o, (1.2)
and product MGF

Mq,M3,...M
Mfg s:lmnic m = K(n,m—l) fff e¥aHXI T x
0<x1<---<xy<0

fODIF )™ .. f o) [F Qo) [Mmdixy .. dox. (1.3)

2. Recurrence Relations
In this section we introduce the RR for the MGF for RTED based on PFFC.
The pdf of RTED is

0
—e

5 —6x 0<x<P, where P;=—In(1-P). (2.1)

f&) =

Here, 1 — P is the proportion of right truncation of the standard exponential distribution.
The cdf of RTED is given by

11
F(x)=;—;e x, (2.2)
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The RTED is used to simulate the lifespans of wear-and-tear components.

The relation between pdf and cdf is given by,

6 _
f(x) = P 6 + 6[F(x)]. (2.3)
In the next theorem we introduce the RR for MGF based on PFFC from a RTED.

2.1 Recurrence relation of single moment generating function of progressive first failure
censoring
In the next theorem we introduce the recurrence relation for single MGF of PFFC.

Theorem 2.1

For2<qg<m-—1andm <n then

My My, M) [E (Y Mg Kog-1) (M, Mq1,Mg=1Mgs1,... M)
Mq:m:n,C [9 (Mq + 1)] - (P 1) K(n—l,q—l) Mq:m:n—l,C

+ (l _ 1) K(n,q) M(Ml’""Mq—l’Mq+Mq+1’Mq+2""’Mm)
P K(n—l,q—l) qgm-1n-1,C

_ (l _ 1) Kng-1) ,(My,...Mg_1+MgMgy1,..Mn)
P K(n—l,q—z) q—1m-1n-1,C
(M1, sMg_1+Mg+1,Mg41,..Mp)
—(n — Ry — - — Rq—l —q+ 1) [Mq—i:m—z:ric ! i ]
(My,...Mg_1,Mq+Mg11+1,Mgy2,...My)
+(n—R1—"'—Rq—q) [Mq:rri—l:nl,zcl qtMg+1 q+2Mm ] (2.4)

Proof
From Eq. (1.2) and Eq. (2.3), we get

(Mq,M3,... M) __ m
Mq:m:n,C - K(n,m—l) Il(Xq_l,Xq_H)C X
0<x1 < <K g1 <Xg41 < <X <00

f(x1)[ﬁ(x1)]M1 ---f(xq—1)[F(xq—1)]Mq_1f(xq+1) X
[F(xge)]" ™ oo fOen) [F o)y .. dxg_ydXgar - A%y, (2.5)

where

Xq+1
Il(xq—lfxq+1) = Hf
X

q-1

|G- 1)+ PG| e (P e 26

Now, integrating by parts gives
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I (%xq-1,%q41) = g(% B 1) [etxqﬂ[ﬁ(xqﬂ)]Mq - etxq_l[ﬁ(xq‘l)]Mq]
P SO (C) [ et (e PG

0 = + = qt
+ = [ [F(agan)] """ = e [P g
DD (7 g )™ @

q-1
Substituting by Eq. (2.7) in Eq. (2.5) and simplifying, yields Eq. (2.4).
This completes the proof.

Special case

Theorem 2.1 will be valid for the PTIIRCOS as a special case from the PFFC when C = 1,

M(Rl,...,Rm) [£ _ (Rq + 1)] — (l _ 1) Rq K(n,q—l) M(i:l'_;;fz_l’Rq_1’Rq+1'm'Rm)
P Kn-14-1y ™

+ l _ 1 K(n'q) M(Rlz---qu—erq+Rq+1»Rq+2'---'Rm)
K qgm-1n-1
(n-1,g-1)

_ (1 _ 1) Kng-1) M(Rl,...,Rq_z,Rq_l+Rq,Rq+1,...,Rm)

P K(n—l,q—z) qg—-1m-1:n-1
(R1,--Rqg-2.Rg-1+Rq+1LRq4+1,--Rm)
_(n —Ri——Rga—q+t 1) [Mq—l:m—l:n ]
(R1,--Rqg-1,Rq+Rq+1+1LRq+2,--Rm)
+(n_R1 — =Ry _CI) [Mq:m—l:n ]

2.2 Recurrence relation of product moment generating function of progressive first failure
censoring

In the next two theorems we introduce the RR for product MGF based on PFFC from RTED.
Theorem 2.2

For1<g<s<m-—1and m <n,then

M, K _
(My,My,...My,) [tl ] (1 ) q Rng-1) , (My,...Mg—1,Mg—1,Mg 41, M)
M —— (M, +1)|=|=—-1)—7/————M
q,ssm:mn,C 2] ( q ) P K(n—l,q—l) q,smn—-1,C

+ (l B 1) M M(Ml’""Mq_l'Mq+M¢Z+1'Mq+2,...,Mm)
P K(Tl—l,q—l) q,s—llm—l:n_l‘c
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_ 1 1 K(n,q—l) (My,...Mqg—1+Mg,Mq41,...Mn,)

P K(n—l 4-2) q-1,5-1:m-1:n-1,C

(My,...Mq—1+Mg+1,Mg11,...Mm)
_(n —Ri—=Rg1—qt 1) [Mq—l,s—l:m—l:n ]
(Mq,sMg_1,Mg+Mgi1+1,Mg42,... M)

+(n —Ry— =Ry~ CI) [Mq,sil:mzlfn oo i ] (2.8)
Proof
Similarly as proved in theorem 2.1.
Theorem 2.3
Foril<g<s<m-—1and m <n,then

(M1,M3,...Mm) [tZ ] _ (1 )MS K(n,s—l) (My1,...Ms—1,Ms=1,Ms41,...Mm)
M —— M, +D))|=(=—-1)———=M_ "3

q,s:m:n,C 2] N p K(n—l,s—l) q,sm:n—1,C
+ l_ 1 K(n,s) M(M1J---;Ms—lrMs+Ms+1;Ms+21---:Mm)

P K(n—ls—l) q,s—1:m—-1n-1
_ l -1 M M(Ml,...,Ms_l+MS,MS+1,...,Mm)

P K(n—ls—Z) qg—1,s-1:m—-1:n—-1

Myq,...Mg_1+Mg+1,Mgy1,...Mm

_(n - Rl - RS—l —s+ 1) [M(S,sl—l:m—ll::_l ¥ i )]
F(n— Ry = = Ry — ) [ Mo Ma o tosze )] (2.9)

Proof

Similarly as proved in theorem 2.1.

3. The Characterizations of the right truncated exponential distribution via differential
equation and recurrence relation for single and product moment generating function

In this section we introduce the characterization of the RTED.

3.1 Characterization via differential equation for the right truncated exponential
distribution

In the next theorem we introduce the characterization of the RTED.

Theorem 3.1
Let X be a continuous random variable. Then X has right truncated exponential distribution iff
(2.1) holds
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Proof

Necessity:

From Eq. (2.1) and Eq. (2.2) we can easily obtain Eq. (2.3).
Sufficiency:

Suppose that Eq. (2.3) is true. Then we have:

dF(x) + 0F (x) = g

(3.1

Now, (3.2) is a linear first order nonhomogeneous differential equation in the unknown function

(x). We first solve the equation
dF(x) + 0F (x) = 0.
Separation of variables gives the general solution of this equation as:
F(x) = Be™ %%,
where B is an arbitrary constant.

Now, to get the general solution of (3.1) we use the method of variation of constants
(Stepanov [7]).

Thus, by considering the constant B in (2.3) as a function of x, say, B(x); we have
F(x) = B(x)e 9.
Consequently,
dF (x) = —0B(x)e % + e 9%*dB(x).

Therefore, substituting (3.4) and (3.5) in (3.1) and simplifying we get
0
dB(X) = ﬁ eex.

On integrating, we get

eBx
B =—+ B4,
x) P 1

where B; is an arbitrary constant.

From (3.4) and (3.6), the complete solution of (3.1) is given by

efx
F(X) = lT + Bll e‘ex.
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Now, since F(0) =0, then putting x = 0 in this equation, we get B; = _?1
_1 1 —ox
Therefore, F(x) = S—pe

That is the distribution function of RTED.

This completes the proof.
3.2 Characterization via recurrence relations for MGF

In the next theorem we introduce the characterization of the RTED using MGF of PFFC.

Theorem 3.2

Let X1:n <X2:n <... <Xn:n be the order stasistics of a random sample of size n. Then X has RTED
iff (2.4) holds, for 2<g<m-—1and m<n

Necessity:

Theorem 2.1 proves the necessary part of this theorem.

Sufficiency:

Assuming that (3.4) holds, then we have:

M) F — (M, + 1)] _ (1 B 1) Mg King-1) (ylj---,_n/iqc_l,Mq—1,Mq+1,.--,Mm)
qg:m:mn, 0 P K(n—l,q—l) qgmmn-—1,

n l_ 1 Kng) M(Ml,...,Mq_l,Mq+Mq+1,Mq+2,...,Mm)
P K qgm-1n-1,C
(Tl—l,q—l)

_(l_ 1) Kng-1) M(Ml,...,Mq_l+Mq,Mq+1,...,Mm)
P K(n—l,q—z) q—-1m-1:n-1,C

(1= Ry = = Ryy = q o+ 1) Mt st vt
I | G5
where,
Mé?fﬁ!fi’"”M’") = Kmnm-1) H f Uy (%g-1,Xq+1)C™ X
0<x1 < <Xg-1<Xg41 < <X <©
f(x1)[ﬁ(x1)]M1 ---f(xq—l)[F(xq—l)]Mq_lf(xqﬂ)[F(xq+1)]Mq+1 X
e f ) [F () 1Mmdixy ..o dxg_qdXgiq oo dXo, (3.9)

and
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X

Uy (¥g-1,%q4+1) = f q+letxq f(xq)[ﬁ(xq)]Mq dxg. (3.10)

Xq_l
Now, integrating by parts gives

_tetqﬂ[ﬁ(xqﬂ)]Mqﬂ + tetxq_l[ﬁ(xqﬂ)]Mqﬂ

Ur(¥g-1,%g+1) =

M, +1
+ t Xq+1 ot%q [F(x )]Mq+1 dox 3.11)
Mq + 1 Xq_l 1 v .
similarly
My,..Mg_1,Mg—1,Mg 41, M
M(g:rrt:n—;,]cl o )= Kmnm-1 ff j UZ(xq—l'qu)Cm x
0<x1 < <Xg1<Xg41 < <X <00
_ _ Mg_ - M,
FCe)IF )™ .. f (g-1) [F (eq-0)] 7 f (g ) [F (gaa) ] X
e f ) [F o) 1Mmdixy ..o dxg_1dXgiq .. dXoy, (3.12)

where

—tet ¥ [F(xg41)]"" + te a1 [F(xg_1)]
M

Up(¥g-1,Xq+1) =
q

Xg+1
. j " etxa[F(x, )M dx, (3.13)

q xq—l

Now by substituting for M Mz-Mm) gy g (MoMa-1:Ma=1MawswMm) oy 3 6y and (3.12) in

gmmnk gmmn—1,C

(3.8), we get

Konm-1) ff f etqumf(xq_l)[F(xq)]Mq fxy) x
0<x1 < <Xg-1<Xg41 < <X} <0

[F (e "'f(xq—l)[F(xq—l)]Mq_lf(qu)[F(xqﬂ)]MqH X
o f ) [F (o) 1Mmdixy doxy ... dxg_1dXgiq o dXy =

= Mg+1
OComs [[ - etakem[F ()] £ ) %
0<x1 < <X g1 <Xg41 < <X <00

[FGe) . f (22 [F(g-1)] " F (g ) [F(qen)] "
o f ) [F () 1Mmdixy doxy ... dxg_1dXgeq oo dXoy
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0 _ M
(ﬁ_-e)cmmpﬂ)jf."f el [F ()| F (xy) X
0<x1<---<xq_1<xq+1<-~-<xm<00

(PG . f (-1 [F (rg-)] 7 f (g [F(qaa)] "
o f O [F () 1Mmdixy doxy ... dxg_1dXg4q .. X,

We get
0 _
&mmnﬂﬁj' eaC™ |f(xg) =5 + 6 — 0[F(x)]| %
0<X1<'"<Xq_1<Xq+1<"'<xm<00

[F(x )] F D F Ge)IM .. f (g1 )[F (xq-1)] 7" X

_ Mg41 _
f(gan) [F(xqun)] ™ e f Q) [F Gem)]Mm
dxidx; ...dxg_1dXg4q ... dxy = 0. (3.14)
Using Muntz-Szasz theorem, [See, Hwang and Lin [4]], | get

0 _
fx) = P 0 + 0[F(x)].

Using Theorem 3.1, | get

e~ 0x,

ol
|-

F(x) =

That is the cdf of RTED.

This completes the proof.

In the next two theorems, we will introduce the characterization of theRTED using RR for
product MGF based on PFFC.

Theorem 3.3

Let Xi:n <Xon <... <Xn:n be the order stasistics of a random sample of size n. Then X has RTED
iff (2.8) holds, for1 <g<s<m-—1and m <n,

Proof

Similarly as proved in theorem 3.2.

Theorem 3.4
Let Xi:n <... <Xn:n be the order stasistics of a random sample of size n. Then X has RTED iff

(29) holds,for1<g<s<m-—1,m<n,
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Proof

Similarly as proved in theorem 3.2.
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